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This work deals with heat equations coupled via nonlinear boundary flux which obey
different laws. We give a complete classification for non-simultaneous and simultaneous
blow-up by covering all of the possible exponents.
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1. Introduction and main results
In this work, we consider the following nonlinear parabolic system:
ut = ∆u, vt = ∆v, (x, t) ∈ BR × (0, T ),
∂u
∂η
= epvuα, ∂v
∂η
= uqeβv, (x, t) ∈ ∂BR × (0, T ),
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ BR,
(1.1)
where exponents p, q, α, β ≥ 0; BR = {|x| < R} ⊂ RN ; u0(x) and v0(x) are positive smooth functions satisfying the
compatibility conditions; T represents the maximal existence time of the solutions. Nonlinear parabolic systems like (1.1)
come from chemical reactions, heat transfer, etc., where u and v represent the thicknesses of two kinds of chemical reactants,
the temperatures of two different materials during a propagation, etc. The relevant known studies on blow-up analysis can
be seen in [1,3,4,6,9,15–17], etc. Phenomena of non-simultaneous blow-up for nonlinear parabolic systems were observed
and studied by many authors (see, e.g., [2,7,10–12,14,18]).
Very recently, system (1.1) was considered by Song [13] with p, q > 0, 0 ≤ α < 1 and 0 ≤ β < p, where the
simultaneous blow-up rate
max
Ω¯
u(·, t) = O
(
(T − t)− p−β2(pq+β−αβ)
)
, exp(max
Ω¯
v(·, t)) = O
(
(T − t)− q+1−α2(pq+β−αβ)
)
(1.2)
and blow-up set were obtained in the general domain Ω ⊂ RN . It is easy to see that only simultaneous blow-up happens
for all initial data in the region p, q > 0, 0 ≤ α < 1, 0 ≤ β < p. But, because of the introduced uα and eβv , non-
simultaneous blow-up may occur for (1.1). In the present work, we extend the exponents to p, q, α, β ≥ 0 and give the
complete classification of the exponent regions for non-simultaneous and simultaneous blow-up of (1.1) (see Fig. 1.1).
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Fig. 1.1. Non-simultaneous and simultaneous blow-up.
By [4,6,13], we can obtain that all positive solutions of (1.1) blow up if and only if max{α − 1, β, pq+ β − αβ} > 0. In
the sequel, we consider the blow-up solutions with the initial data (u0, v0) in the set
V0 =
{
u0, v0, u0rr , v0rr > 0, u0r , v0r ≥ 0 in B¯R; ∂u0∂η = epv0uα0 , ∂v0∂η = uq0eβv0 on ∂BR
}
.
Hence, ut , vt , ur , vr ≥ 0 in B¯R × [0, T ) by the comparison principle.
Theorem 1.1. (i) There exist initial data such that u blows up while v remains bounded up to blow-up time T if and only if
q+ 1 < α.
(ii) There exist initial data such that v blows up while u remains bounded up to blow-up time T if and only if p < β .
Corollary 1.1. Simultaneous blow-up happens for all initial data if and only if 0 ≤ α ≤ q+ 1 and 0 ≤ β ≤ p.
The following theorem is on non-simultaneous blow-up for all initial data.
Theorem 1.2. (i) If 0 ≤ α ≤ 1, p < β , then v blows up alone for all initial data; if q+ 1 < α, β = 0, then u blows up alone
for all initial data.
(ii) Let N = 1. If 1 < α ≤ q + 1, p < β , then v blows up alone for all initial data; if q + 1 < α, 0 < β ≤ p, then u blows up
alone for all initial data.
It can be seen that the non-simultaneous blow-up rates are the same as the scalar ones [4,6].
Theorem 1.3. If 0 ≤ α < q+ 1, 0 ≤ β < p, simultaneous blow-up rate (1.2) holds for Ω = BR.
Theorem 1.4. The region q + 1 < α, p < β is the coexistence one, where both non-simultaneous and simultaneous blow-up
may happen. For N = 1, simultaneous blow-up rate (1.2) holds.
By a method similar to that of [6,7], we give estimates on the blow-up set without proof.
Theorem 1.5. If u (or v) blows up with the upper blow-up rate estimates, then u (or v) blows up only on ∂BR.
2. Proofs of main results
In order to prove Theorem 1.1, we introduce an important lemma as follows:
Lemma 2.1. (i) If α > 1, then u(R, t) ≤ CT (T − t)−1/[2(α−1)], t ∈ (0, T ) with positive constants CT = C˜(1+ 4C1T 1/2)1/(α−1),
C˜ = C˜(α,N, R), C1 = C1(N, R).
(ii) If β > 0, then there exists ε > 0 such that v(R, t) ≤ − 12β log[2βεu2q0 (R)(T − t)].
Proof. Case (i) can be proved by a similar method to Lemma 3.2 of [7]. We only need to prove Case (ii). Set J(r, t) = vt−εv2r
with ε to be determined. For any initial data in V0, we can take small ε such that J(r, 0) ≥ 0 in BR; Jt − Jrr − N−1r Jr =
2ε N−1r v
2
r + 2εv2rr ≥ 0 in BR × (0, T ); Jr(R, t) = [quq−1uteβv + (β − 2ε)uqeβvvt + 2ε N−1r u2qe2βv](R, t) ≥ 0 in (0, T ) if
ε < β/2. Then by the comparison principle, vt(R, t) ≥ εv2r (R, t) in [0, T ). Hence, v(R, t) ≤ − 12β log[2βεu2q0 (R)(T − t)]. 
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Proof of Theorem 1.1. We first prove the sufficient condition of Case (i). Let G(x, y, t, τ ) be Green’s function of the heat
equation on BR satisfying ∂G∂η |∂BR = 0,
∫
∂BR
G(x, y, t, τ )dSy ≤ C¯(t − τ)−1/2 with C¯ = C¯(BR) > 0. For fixed v0|∂BR = η0 > 0,
takeM0 > 2η0. Take large u0 in V0 such that T satisfies
M0 ≥ 2η0 + 2(α − 1)
α − 1− q C¯e
βM0CqT T
α−1−q
2(α−1)
with CT defined in Lemma 2.1. Consider the following auxiliary system:
z¯t = ∆z¯, (x, t) ∈ BR × (0, T ),
∂ z¯
∂η
= eβM0CqT (T − t)−
q
2(α−1) , (x, t) ∈ ∂BR × (0, T ),
z¯(x, 0) = z¯0(x), x ∈ BR,
where the radially symmetric z¯0 satisfies
∂ z¯0
∂η
|∂BR = eβM0CqT T−
q
2(α−1) , z¯0|∂BR = 2η0; z¯0r , z¯0rr ≥ 0, z¯0 ≥ v0 in BR. For q+ 1 < α
and by Green’s identity,
z¯ ≤ 2η0 + C¯eβM0
∫ t
0
(t − τ)− 12 CqT (T − τ)−
q
2(α−1) dτ
≤ 2η0 + 2(α − 1)
α − 1− q C¯e
βM0CqT T
α−1−q
2(α−1) ≤ M0.
So z¯ satisfies ∂ z¯
∂η
≥ eβ z¯CqT (T − t)−
q
2(α−1) on ∂BR. It follows from Lemma 2.1(i) that
vt = ∆v, (x, t) ∈ BR × (0, T ),
∂v
∂η
≤ eβvCqT (T − t)−
q
2(α−1) , (x, t) ∈ ∂BR × (0, T ),
v(x, 0) = v0(x), x ∈ BR.
By the comparison principle, v ≤ z¯ ≤ M0. And hence, u blows up at time T .
Next,weprove thenecessary condition of Case (i). Assume v ≤ C . ByGreen’s identity andα > 1,u(R, t) ≥ c(T−t)− 12(α−1) ,
t ∈ (0, T ). And then 12v(R, t) ≥ c
∫ t
0 (T − τ)−
q
2(α−1) (t − τ)− 12 dτ . The boundedness of v requires q+ 1 < α.
In the following, we prove Case (ii). Introduce a subset of V0 as follows:
V1 =
{
u0(r) = u0(R)+ R(
√
M2 + 4−M)/2−
√
R2 − (M
√
M2 + 4−M2)r2/2,
v0(r) = v0(R)+ R(
√
N2 + 4− N)/2−
√
R2 − (N
√
N2 + 4− N2)r2/2,
whereM = epv0(R)uα0 (R),N = uq0(R)eβv0(R), r ∈ [0, R]
}
.
One can take ε = ε0 := min{1/R, β/2} uniformly in Lemma 2.1 for any initial data in V1.
For fixed u0|∂BR = ξ0 > 0, take N0 > 2ξ0. Take large v0 in V0 such that T satisfies
N0 ≥ 2ξ0 + 2β
β − p C¯N
α
0 (2βε0ξ
2q
0 )
− p2β T
β−p
2β .
Consider the auxiliary system as follows:
u¯t = ∆u¯, (x, t) ∈ BR × (0, T ),
∂ u¯
∂η
= (2βε0ξ 2q0 )−
p
2β (T − t)− p2β Nα0 , (x, t) ∈ ∂BR × (0, T ),
u¯(x, 0) = u¯0(x), x ∈ BR,
where radially symmetric u¯0 satisfies
∂ u¯0
∂η
= (2βε0ξ 2q0 T )−
p
2β Nα0 , u¯0 = 2ξ0 on ∂BR; u¯0r , u¯0rr ≥ 0, u¯0 ≥ u0 in BR. The rest of the
proof of (ii) is similar to that of (i). So we omit the details here. 
Proof of Theorem 1.2. For Case (i), we only prove that v blows up while u remains bounded for all initial data in V0 if
0 ≤ α ≤ 1 and p < β . Due to β > 0, (u, v) blows up at some time T . Moreover, vmust blow up. Otherwise, uwould remain
bounded also for α ≤ 1. By Lemma 2.1 (ii) and Green’s identity, we have
u(R, t) ≤ u(R, z)+ 2β
β − p C¯(2βεu
2q
0 (R))
− p2β (T − z) β−p2β uα(R, t).
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Next, we claim that u is bounded up to T . If not, there would exist zj → T such that 1 < u(R, zj) → +∞ as j → +∞,
2β
β−p C¯(2βεu
2q
0 (R))
− p2β (T − zj)
β−p
2β < 14 . Taking tj such that u(R, tj) = 2u(R, zj), then
u(R, tj) ≤ u(R, zj)+ 2β
β − p C¯(2βεu
2q
0 (R))
− p2β (T − zj)
β−p
2β uα(R, tj).
And hence, u(R, tj)/2 < u(R, tj)/4 for α ≤ 1, a contradiction.
For Case (ii), let N = 1. We only prove that v blows up alone if 1 < α ≤ q + 1 and p < β for all initial data in V0.
By Theorem 1.1(ii), we only need to exclude simultaneous blow-up. If not, there would exist initial data (u0, v0) such that
simultaneous blow-up happens. Inspired by [2], we defineM(t) = u(R, t), N(t) = v(R, t), and
ϕM(y, s) = u(R− ay, bs+ t)M(t) , ψN(y, s) = e
v(R−cy,ds+t)−N(t), y > 0,−min
{
t
b
,
t
d
}
≤ s ≤ 0,
where a2 = b = M2(1−α)e−2pN(t), c2 = d = M−2qe−2βN . a(t), b(t), c(t), d(t)→ 0 as t → T for α > 1 and β > 0. One can
check that (ϕM , ψN) solves{
(ϕM)s = (ϕM)yy, ψN(ψN)s = ψN(ψN)yy − (ψN)2y,
−(ϕM)y(0, s) = ϕαMψpN , −(ψN)y(0, s) = ϕqMψβ+1N .
Obviously, 0 ≤ ϕM , ψN ≤ 1, ϕM(0, 0) = ψN(0, 0) = 1, (ϕM)s, (ψN)s ≥ 0.
For anym > 0 and largeM,N , by Schauder’s estimates [5,8], we can obtain that
‖ϕM‖C2+σ ,1+σ/2 , ‖ψN‖C2+σ ,1+σ/2 ≤ cm, (y, s) ∈ [0,m] × [−m2, 0]. (2.1)
So, for sufficiently largeM and N , (ϕM)s(0, 0) ≤ C and (ψN)s(0, 0) ≤ C .
Now, we will prove (ϕM)s(0, 0) ≥ c and (ψN)s(0, 0) ≥ c. First, we prove (ϕM)s(0, 0) ≥ c. Otherwise, there would exist
a sequence tj with tj → T− such that (ϕMj)s(0, 0)→ 0. Due to (2.1) and as C2+σ ,1+σ/2 is compactly included in C2+σ1,1+σ1/2
(σ1 < σ), we can find a subsequence (ϕMj , ψNj) (still denoted by (ϕMj , ψNj)) which satisfies (ϕMj , ψNj)→ (ϕ, ψ) uniformly
on any compact subset of [0,+∞) × (−∞, 0], and 0 ≤ ϕ,ψ ≤ 1, ϕ(0, 0) = ψ(0, 0) = 1, ϕs, ψs ≥ 0, ϕs(0, 0) = 0. It is
easy to check that (ϕ, ψ) solves{
ϕs = ϕyy, ψψs = ψψyy − ψy2, (y, s) ∈ (0,+∞)× (−∞, 0)
−ϕy(0, s) = (ϕαψp)(0, s), −ψy(0, s) = (ϕqψβ+1)(0, s), s ∈ (−∞, 0). (2.2)
Setw = ϕs; thenws = wyy and−wy(0, s) = αϕα−1ψpw + pϕαψp−1ψs ≥ 0. Sincew ≥ 0 andw reaches its minimum 0 at
(0, 0), we havew ≡ 0 by Hopf’s Lemma, i.e., ϕ is independent of s. So ϕyy = 0 and−ϕy(0) = 1. Then ϕ(y) = 1− y. If y > 1,
there is a contradiction to 0 ≤ ϕ ≤ 1.
Next, we will prove (ψN)s(0, 0) ≥ c. If not, there would exist a sequence tj (still denoted by tj) with tj → T− such that
(ψNj)s(0, 0)→ 0. Similarly, we can find a subsequence (ϕMj , ψNj)→ (ϕ¯, ψ¯), where (ϕ¯, ψ¯) satisfies (2.2) and 0 ≤ ϕ¯, ψ¯ ≤ 1,
ϕ¯(0, 0) = ψ¯(0, 0) = 1, ϕ¯s, ψ¯s ≥ 0, ϕ¯s(0, 0) ≥ c , ψ¯s(0, 0) = 0. Set ω = ψ¯s; then ω satisfies{
ψ¯ωs = ψ¯ωyy − 2ψ¯yωy + ψ¯yyω − ω2, (y, s) ∈ (0,+∞)× (−∞, 0),
−ωy(0, s) = [qϕ¯q−1ψ¯β+1ϕ¯s + (β + 1)ϕ¯qψ¯βω](0, s), s ∈ (−∞, 0).
Similarly, by Hopf’s Lemma, ψ¯ is independent of s. Due to ϕ¯s(0, 0) ≥ c above, there exists a δ > 0 such that ϕ¯s(0, s) ≥
c/2 > 0 for s ∈ [−δ, 0]. This is a contradiction to−ψ¯y(0) = ϕ¯q(0, s)ψ¯β+1(0), s ∈ [−δ, 0].
Combining the upper and lower bounds of (ϕM)s(0, 0) and (ψN)s(0, 0), we have
ce2pN(t) ≤ M1−2αM ′(t) ≤ Ce2pN(t), cM2q(t) ≤ e−2βNN ′(t) ≤ CM2q(t).
If α < q+ 1 and p < β , by computation,
c
2(q+ 1− α)M
2(q+1−α)(t) ≤ C − 1
2(β − p)e
−2(β−p)N(t),
a contradiction to simultaneous blow-up. If α = q+ 1 and p < β ,
c logM(t) ≤ C − 1
2(β − p)e
−2(β−p)N(t),
a contradiction, also. 
Proof of Theorem 1.3. The simultaneous blow-up rate can be obtained by a similar method to Theorem 1 of [13]. We only
need to extend the region 0 ≤ α < 1 and 0 ≤ β < p in Lemma2.2 [13] to 0 ≤ α < q+1 and 0 ≤ β < p by Corollary 1.1. 
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Proof of Theorem 1.4. We prove this theorem in a subset of V0 as follows:
V2 =
{
u0λ(r) = R/λ+ R(
√
M2 + 4−M)/2−
√
R2 − (M
√
M2 + 4−M2)r2/2,
v0λ(r) = R/(1− λ)+ R(
√
N2 + 4− N)/2−
√
R2 − (N
√
N2 + 4− N2)r2/2,
whereM = e pR1−λ Rα/λα,N = e βR1−λ Rq/λq, λ ∈ (0, 1), r ∈ [0, R]
}
.
It can be proved that, if λ is close to 0, then there exist initial data in V2 such that u blows up while v remains bounded; if λ
is close to 1, then there exist initial data in V2 such that v blows up while u remains bounded. Like in the discussion of [2],
the set of the initial data such that u (or v) blows up alone is open in L∞-topology. It is easy to see that V2 is connected. Then
there must exist some λ ∈ (0, 1) such that simultaneous blow-up happens.
Next, we deal with the simultaneous blow-up rate for N = 1. By the scaled method of Theorem 1.2, we can obtain
c ≤ (ϕM)s(0, 0), (ψN)s(0, 0) ≤ C , which implies
ce2pN(t) ≤ M1−2αM ′(t) ≤ Ce2pN(t), cM2q(t) ≤ e−2βNN ′(t) ≤ CM2q(t),
cM2(q+1−α)(t) ≤ e2(p−β)N(t) ≤ CM2(q+1−α)(t).
Hence, the desired simultaneous blow-up rate is obtained immediately. 
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